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General tranqxxt e~~~a~ based on ~ever~~f~ t~~~o~~~~~~ applied to membranes without regard to their strut- 
tie% ase compared with results based upan specific membrane models. It is pointed out that the range of validity at the: 
Gwen l&eat transport, equations of irreversibk ~e~od~~rni~ m;y be extremely small, and that attempts to extend the 
range by thermodynamic considerations have slux;lys involved subtle assumptions of a nonthermodynnmic nature. Simple 
membrane models are used as diagnostic taols ta _ninpaint such assumptions, with particular reference to the often~onceakd 
~mpt~on of membrane bomopor~s~ty. Et is shown that it is not passl%fe to write an exact eqo~r~on far sotute flus across 
ELI~ inert porous membrane only in terms of the three customary membrane parameters u (reflection coefficient), Ps (perme- 
abiIiry ~ef~~e~t~~ and L ~h~d~~~l~~ eo~d~c~~t~)~ untesS the mem#~ne is strictly ~~~~~~~~~. Even in the linear range 
heteroporosity imposes a K- rdden condition of Op > Aa for such a three-parameter description to be valid. Useful results in 
the nonlinear regime require more detailed information on membrane structure than is conhined in just &ret: pruameters, 

Despite a large body of literature cm the subject. it 
is kntxvn that there are still difficulties in the descrip- 
tion of transpod: across rnemb~a~e~. Xn ~~~c~~~~, there 
is no general agreement Qn the limitations of accuracy 

and ranges of vdiidity of various transport ecpations 
in use. En attetnpltkg to improve this siWation, we be- 
zieve there k merit in first discussing the simplest pas- 
sibre cases in order to clarify the essential difficukks, 
and In using these simple cases as the basis for general- 
ization to the more compfex cases of interest_ 

tion of special detained models we show that these are 
defmite restrictions on the validity of app’tying such 
e+ratiions to membranes in general- In retrospect, it is 
apparent that difticuhies have occurred because extra 
~~~~ti~~~ have been introdn~ed~ clothed in the lan- 
guage of irreversible thermodynamics, whose farmai 
efe,dnce has tended to obscure: the fact that new phys- 
ical information is involved. There is of course no errror 
in the formal ~~rm~dynarni~ a~~r~acb if applied strict- 
ly within its range of validity, but that range may be 
p~fully restrict&, and an extension of the range nec- 
essarily involves additional assumptions of an inherent 
physi& nature. 

In particular, three types of assumptions have oc- 
curred. The fast involved the attempt to extend the 
strictly linear local transport equations to situations 
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involving finite differences - that is, to perform an ap- 
proximate integration of the linear differential equa- 
tions. An assumption was introduced in the form of 
an apparent thermodynamic condition on entropy pro- 
duction, leading to a rather poor result. The second in- 
voked the assumption of mechanical equilibrium and 
th : absence of viscous flow eftkcts. The results are 
oflen applied successfully to cases where viscous flow 
is clearly involved, because the viscous effects can be 
absorbed into adjustable parameters; the consequences 
here are more subtle than in the fust case, and can lead 
to errors in the physical interpretation of the transport 
coefficients. The third involved an assumption of mern- 
brane homogeneity that has sometimes served to con- 
ceal a mori: restrictive assumption of homoporosity, 
which can result in an extremely restricted range of 
validity. 

In what follows we discuss some of the implicatioris 
of these three assumptions, with emphasis on the as- 
sumption of homogeneity and homoporosity, since the 
others have been considered in some detail elsewhere. 
We proceed through simpliied models of membrane 
structure, by which the consequences of the assump- 
tions can be brought clearly into prominence, and show 
that the usual transport equations have a severely re- 
stricted range of applicability. In a following paper WE 
-910~ that, subject only to certain conditions, equa- 
tions can nevertheless be derived that give a useful ap- 
proximation to the correct result for a class of mem- 
branes of arbitrary structure within well-defmed lirn- 
its of uncertainty. 

2. Equations from irreversible tbermadynamics 

Three independent parameters are required to char- 
acterize a system composed of a binary solution plus 
membrane. The defming equations indicate the experi- 
mental measurements to be made; 

Hydraulic conductivity, 

L, = -KJlA&& (1) 

Reflection coefficient, 
o = @P/A++,- (2) 

Permeability coefficient, 

ps = -~~lA&,J,,o. (3) 

Here JV is the volume flux density across the membrane, 
J, is the solute flux density, dp the pressure difference, 
At = RTAc, is the osmotic pressure difference, where 
Acs is the difference in solute concentration, and the 
asterisks refer to a tracer for the solute. 

On the assumption that the membrane is homogen- 
eous and that mechanical equilibrium prevails, Kedem 
and Katchalsky [I .2] gave the following expression as 
a general equation for the solute flux density: 

IS = J.& - u)Cs - P&, (4) 

where the mean concentration C, is 

$ = Acs/A ln cs, (9 

which is supposed to be completely valid within the 
realm of linear flux-force relations. A variation suggested 
as an approximation to eq. (5) is [l-3] 

% = i(ci + CY), (6) 

where cl and ci are the solute concentrations on each 
side of the membrane. The corresponding equation for 
volume flux density is, in both cases, 

J, = -L,(Ap - odx). (7) 

It has been shown elsewhere [4,5] that eq. (6) is not 
just a special case of eq. (S), but in fact gives a wider 
range of validity to the transport eq. (4), and that the 
supposedly thermodynamic result of eq. (5) can cause 
the transport eq. (4) to give poor results. 

The cause of this peculiar situation has been traced 
to an inaccurate assumption in the thermodynamic 
treatment, a concealed assumption of a non-thermo- 
dynamic nature [S] . To demonstrate this, we consider 
the local differential transport equation for the mem- 
brane [ 121, 

Js =I& - es - Dacslaz, (8) 

where D is the solute-solvent diffusion coefficient in 
the membrane. Although cs depends on position z, we 
can nevertheless perform a formal integration and write 
a result identical in form to eq. (4). No error occurs at 
this point, for we have merely used the mean value the- 
orem. No problem arises with the average coeMcient 
defined as P,, since this is to be determined experimen- 
tally according to eq. (3). The real problem lies in the 
determination of the average concentration Fs. The 
average defined by eq. (5) is chosen to give the correct 
overall entropy production [1,2] ; the ~.~sumprion is 
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that this average also gives an accurate transport equa- 
tion. There is no thermodynamic necessity for this re- 
sult, and no reason why the same average concentra- 
tion should appear in both the entropy production 
equation and a transport equation; consideration of 
just the~transport suggests the use of the average Zs 
given by eq. (6), and both theory and experiment show 
that this is a superior choice IS]. 

Regarding the second type of assumption, the omis- 
sion of viscous flow terms in the thermodynamic treat- 
ment is often not serious, since viscous contributions 
to flow can be absorbed in the parameter L,, which 
must be determined experimentally. Difficukies arise 
only when a physical interpretation of the transport 
coeffkients is attempted, and the prediction of their 
dependence on variables such as composition, pressure, 
and temperature. This problem has already been dis- 
cussed in detail eIsewhere [6 J , akhough more in the 
language of the equitiknt frictional-model equations, 
and need not be further considered here. 

The assumption of homogeneity is more serious. 
Statements to the effect that the irreversible thermo- 
dynamic treatment of membrane transport views the 
membrane as a black box imply that the results are gen- 
eral and independent of membrane structure. But the 
notion of homogeneity c!earIy refers to at least one 
aspect of membrane struc:ure. Moreover, the term 
“homogeneous” is never precisely defmed, and it is 
not at all clear whether or not homoporosity is the 
same as homogeneity. The ambiguity here seems to be 
related to the degree of coarse-graining thought to be 
tolerable in the deftition of homogeneity. That is, if 
homogeneity is taken to mean that each small section 
of a membrane behaves the same as uly other small 
section, the difficulty comes in deciding on the permis- 
sible size of such small sections. At one extreme, re- 
quiring the sections to be of molecular dimensions 
would virtually limit the results to membranes of the 
solution type. Toward the other extreme, of requiring 
the section to be large enough to manipulate in labo- 
ratory practice, a dimension as small as a micron could 
still permit a heteroporosity that would certainly viti- 
ate the thermodynamic results, as shown later by spe- 
cific examples. For instance, using the iisurnption of 
homogeneity (among others), Patlak et al. (71 per- 
formed an exact integration of the local differential eq. 
(8) across the membrane and obtained 

Js = Jv( i - u)c: - Jv( 1 - u) 

( ncs 
’ exp[Jv(l -0)/P,] - 1 1 ’ 

the corresponding volume flux equation still being eq. 
(7). We shall show that eq. (9) is strictly valid only for 
the specia1 case of homoporous membranes. Parenthet- 
ically, it is interesting that series expansion of eq. (9) 
for small values of J, leads to eq_ (6) for P,, not to eq. 
(5) [3] _ It may be that there is no completely safe way 
out of this coarse-grain+ d&mma as far as irreversible 
thermodynamics is concerned, and that some recourse 
to detailed models will always be necessary_ We believe 
the examples in this and a following paper serve to re- 
inforce this view. 

3. Derivation of model equations 

In the preceding section we have commented on the 
flaws introduced into apparently rigorous results from 
irreversible thermodynamics by the introduction of 
hidden assumptions involving the integration of local 
hear differential equations and the neglect of viscous 
effects, and aIluded to possible flaws introduced by the 
assumption of homogeneity and htimoporosity. In this 
section we investigate this last point in more detaii 
through special models. These models are not intended 
to mimic closely any real membranes, but rather are in- 
tended as diagnostic probes of theories that are sup- 
posed to be general, in order to determine whether 
they contain concealed assumptions or conditions. We 
first consider a simple, well-defined model of a mem- 
brane system, and then investigate to what extent vari- 
ations in the model geometry erode the accuracy of 
simple transport equations based on irreversible ther- 
modynamics. It takes very little complexity in mem- 
brane geometry to destroy the strict applicability of 
the thermodynamic results. But in somewhat surprising 
compensation for this loss, it turns out that the inaccu- 
racies introduced by membrane geometry variation are 
contained within fairly narrow mathematical bounds, 
as is shown in a following paper. 

3.1_ CIasses of membranes 

The membrane is considered to consist of an array 
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of cylindrical pores of the same length, parallel and 
noninterconnecting. The solute and solvent mole&as 
are considered to be spheres of definite diameters, 
with the solvent diameter much smaller than the solute 
diameter. Several possibilities exist for such a system. 

(1) The pore diameters are all smaller than the solute 
diameter, hut larger than the solvent diameter. Such a 
membrane is semipermeable and solute flux across it is 
zero. 

(2) All pore diameters are much larger than the sol- 
ute diameter. Such a membrane is completely open and 
exhibits no sieving properties. 

(3) The pores are of a size intermediate between (1) 
and (2) above, so that they offer steric hindrance to 
the passage of solute but allow relatively unhindered 
passage of solvent. The action of such pores has been 
termed “statistical sieving” by Ferry [8,!9], who first 
proposed the mechanism in a quantitative manner. Oth- 
ers have described it as sieving on a “steric” basis. 

(4) Some pores are as described in (I), and some as 
in (2). Such a bimodal distribution of pore sizes will 
result in partia! sieving of the solute. 

3.2. Equariorls for homoporous membranes 

We fust suppose that all pores have the same con- 
stant diameter. The semipermeable membrane is of 
little interest in connection with binary solutions, since 
only solvent passes through it, and we do not discuss 
it further. 

The local differential transport equation for a pore 
i of the completely open membrane is 

p = .I$, - D%c& (10) 

where DQ is the solute-solvent diffusion coefficient 
in the pore. Integrating across the thickness I of the 
membrane, multiplying by the fractional area weight- 
ing factors, ai, and summing over all pores, we obtain 

Jo = JVcb - exdJv/Ps) _ 1’ (11) 

where Ps = XgjD’r’/l is the permeability coefficient 
for the whole membrane. The equation for Jv is 

Jv = -Lp&. (12) 

These results are the same as eqs. (7) and (9) based on 
irreversible thermodynamics, with u = O_ It is apparent 
that eq. (11) will not be so simple if there is a distribu- 

tion of pore sizes, a point discussed in the following 
section 

The results for sieving membrane of the Ferry type 
are still simple. The local transport equation for a single 
pore i is 

where SF and SD are geometric constants that are func- 
tions of the ratio of the solute diameter to the pore di- 
ameter. The precise expressions for S, and SD do not 
matter here; we integrate across the membrane thick- 

ness, multiply by the weighting factors, and sum to ob- 
tain 

J, = S&c:, - 
sEJVd”S 

exp(S&$S&) - 1 a (14) 

Identifying SF and SD in terms of experimental quan- 
tities as SF = 1 - tr and S&Z = Ps, we transform eq. 
(14) to 

J, =.$(I - cr)cl - Jv(l - a) 

( 

AC 

’ exp[J# - L)/P 1 - 1 ’ > 

(1% 

which is the same as eq. i9) from irreversibfe thermo- 
dynamics. The expression for volume flow is also as 
given by irreversibie thermodynamics, eq. (7). But, as 
for the open membrane, a dispersion of pore sizes will 
cause comphcations. 

3.3. Equation for heteroporous membranes 

The simplest heteroporous membrane is the bimodal 
distribution_ For this distribution we consider the two 
types of pores separately and the combine the results. 
Let superscript (I) denote the large pores and (2) the 
smah pores; aI is the fraction of total membrane area 
occupied by large pores, and 02 is the fraction occupied 
by small pores (the sum czl + a2 < 1). 

Since the solute flux occurs only through the large 
pores, we can write 

J, = pa1 = a&)c~ - 
alJyb&c, 

exp(J<:)/Pf)) - I- 06) 

The volume fluxes are 

J!!’ = -$)dp, 07) 

-I;’ = -L;2’(~ - Air). (18) 
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Since 4’, J$). t$‘), and LF) are not individually ob- 
servable, we wish to express them i.a terms of L, = 

QlLp (I) + a&) and u = (dp/Afr)~v=u. After muhiply- 
ing eqs. (17) and (18) by their respective weighting fac- 
tors, at and Q2, and adding, we obtain 

J, = -Lp [Ap - (L~)a2/Lp)An] , (19) 

from which the expression for o follows from its de- 
finition, [eq. (2)], 

u = a2LF)jL 
P- (20) 

These results are the same as eq. (7) for Jv based on 
irreversible thermodynamics. The result for fs, how- 
ever, is different; sob&g for 4) we fmd 

ag!!) = Jv - f?&’ = -Lp( 1 - o)Ap 

=+(l - a)(1 - aA&@)-‘, 
(21) 

so that eq. (16) becomes 

Js = Jv 

’ exp[J;(I - a)/P,( I - OAT/&)] - 1 ’ 

where P,, the overall measured diffusive permeability, 
is equal to aIN). 

This is nor the same as eq. (9) from irreversible ther- 
modynamics unless dp > AIT. Thus the result from ir- 
reversible thermodynamics is not strictly applicable 
even to such a simple model as the bimodal pore dis- 
tribution. A dispersion of pore sizes will cause addi- 
tional complications. 

Before we discuss other heteroporous membranes, 
it is worth noting that sieving membranes of the bi- 
modal and homoporous Ferry types are experirnental- 
ly distinguishable in principIe. For instance, one could 
measure the sieving coefficient Q = (Js.Jv)ic~ = c~/c’ 
in a hyperfdtration experiment as a function of c: at 
a fmed vaIue of Jv. According to eq. (I 5) the value of 
@is 

I-ff 
@ = 1 - oexp I-J,( 1 - a)/Ps] ’ (23) 

which is a constant independent of c: for fifed &, . 
However, the corresponding result according to eq. 
(22) is 

where (24) 

CY=1 
AIT JV 

- cr G = f,, f aLpRTc:( 1 - 9)- 

Although this is a transcendental equation for Q and 
CaMOt be solved explicitly, it is clear that @ depends 
on C; through the occurrence of ci in Q. The numerical 

magnitudes for available membranes are such that the 
effect should be experimentaliy observabte ifconcen- 
tration polarization at the membrane face can be re- 
moved_ 

Distribution of pore diameters causes difficulties 
for al1 the membrane modeIs under discussion except 
the semipermeable membrane, for which no difficulty 
arises as long as all the pores are smaller than the sohrte 
molecules. The essential nature of the problem is most 
easily illustrated for the membrane consisting of a par- 
allel array of comptetely open pores. If we integate 
across the membrane for each pore, multiply by the 
factors a,:, and the sum over all pores, we obtain 

(26) 

which is obviously different from the result obtained 
for a homoporous membrane. Somewhat surprisingly, 
it turns out that the last summation can usuahy be re- 
placed by a single term to a good approximation. This 
fact can be made plausible by the following considera- 
tions. IfJc$~D(‘) - IS either very large or very small, the 
expression for Js has the same mathematical form as 
for a homoporous membrane_ For large values the Iast 
term in eq. (26) vanishes and the result is 

J = cr -&J(i) = c’f 
s s 

i 
LV 5 V’ (27) 

the same as for the homoporous case. For small values 
the exponential in the last term of eq. (26) can be ex- 
panded in a power series, to yield 
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- PsAcs. (28) 

Thus the only place the curve of Js versus Jv for a het- 
eroporous open membrane can differ from that for a 
homoporous one with the same value of P, is in the 
curved intermediate region between high and low values 
of JV/Ps. Mathematical bounds on the size of the dif- 
ference can be established by consideration of the na- 
ture of the mathematical functions involved_ This ques- 
tion is taken up in detail in a following paper.’ 

We note that heteroporosity causes no difficulty 
with the equation for volume flow, since it is linear; 
in other words, eq. (7) remains valid. 

It is important to show that the nonlinear portion 
of a J, versus JV curve can be of experimental inter- 
est. Some numerical estimates on this point are given 
in the appendix- 

The foregoing results establish that the proper lin- 
ear flux equation from irreversible thermodynamics, 
namely eq. (4) used with the correct Cs given by eq. 
(6), holds in the limit that fv/Ps is small, provided 
that the previously hidden condition of & > An is 
met. What is not obvious is how much the domain of 
utility of the linear flux equation can be constricted 
by the nature of the pore size distribution_ This is il- 
lustrated in fig. 1, where we show a dimensionless plot 
of J,/c~~ versus JvfPs with AC&~ = -1 for two open 
membranes, one homoporous and the other bimodal. 
The bimodal distribution consists of a few large pores 
and a large number of small pores, such that the vol- 
ume flow through one large pore is much greater than 
that through one small pore, but most of the open mem- 
brane area consists of the small pores. The domain of 
utility of the linear flux equation is so small For this 
heteroporous membrane as to be virtually useless. 

3.4. Effect of individual pore nonuniformity 

So far we have considered only uniform parallel-pipe 
pores. We now wish to consider how the results CIII be 
altered by variations in the geometry of an individual 
pore. Our discussion is based on bne fundamental as- 
sumption: the flow inside the membrane can be re- 
garded as one-dimensional in some locally averaged 
sense, even though the flow is undoubtedly three-di- 
mensional on a true microscopic scale. This assump- 
tion is almost always made, at least implicitly, in studies 

l.e - 
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Fig. 1. Effect of membrane heteroporosity on the range of 
utility of the thermodynamic linear tlux equation, shown as 
dimensionIess solute flux as a function of dimensionless vol- 
ume flux with AcJc~ = -1. The dashed straht line is the 
thermodynamic linear relation. and the lower solid curve is 
for a homoporous membrane. The uppermost curve is for a 
heteroporous membrane consisting of many small pores and 
a few large pores (10 percent of the membrane open area is 
large pores), with each kxge pore carrying 1000 times the vol- 
ume flaw of a smaU pore. Both membranes have exactly the 
Sdme values of overall transport parameters. 

of membrane transport. It then follows that the pore 
cross section does not have to be circular, or even par- 
ticularly regular. We may therefore hope to mimic pore 
geometry by a series combination of pore segments of 
various lengths and cross sections. Two cases can be dis- 
tinguished for the series pore-segment model: the sol- 
ute concentration varies monotonically from one end 
of the pore to the other (no internal concentration po- 
larization), or the pore exhl%its internal concentration 
polarization (accumulations of solute such as are caused 
by local steric hindrances within the pore). 

The case of series of pore segments without internal 
concentration polarizafion gives a surprisingly simple 
result - the curve of J, versus Jv has exactly the same 

form as for a uniform pore, eq. (11). This result is 
proved in a following paper. It is also clear that the 
equation for J, as a function of Ap is the same as for 
a uniform pore, eq. (12), since the equation is linear. 
Moreover, Ferry sieving at the entrance to thefusf 
pore segment does not change the result, so that eq. 
(15) for 1, and eq. (7) for JV hold exactly for the case 
of pore segments in series, with the reflection coefficient 
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0 representing strictly an entrance effect. These results, 
plus the mathematical bounds established for parallel 
arrays of pores, can then be used to establish bounds 
for any series-parallel combination of pore segments 
of various lengths and cross sections, with any amount 
of internal connectivity, as shown in a following paper. 

The case of internal ConcentratiCin polarizatiOn 
raises very serious problems. None of the theorems on 
bounds proved in the following paper then holds, and 
it seems likely that useful approximate transport equa- 
tions czmnot in general be written. For instance, the 
equation for volume flow is no longer linear in the hy- 
drostatic and osmotic pressure differences, and the de- 
f?ning eqs. (1) and (2) for hydraulic conductivity and 
reflection coefficient are no longer useful inasmuch as 

both coefficients become strongly flow-dependent. We 
do not discuss these complex phenomena further here, 
but only mention as an example the situation described 
by Teorell [ lo], where two membranes are in series 
with an intervening compartment containing a solute 
to which both membranes are impermeable. It can be 
appreciated that the effects described by Teorell as oc- 
curring with this arrangement do not require the pre- 

sence of two anatomically distinct membranes with an 
intervening compartment, but may be observed in a 
single membrane with the proper pore geometry. 

4. Discussion 

The foregoing simplified detaited models for mem- 
brane transport serve to clarify several aspects of the 
applicability of irreversible thermodydcs. It is easy 
to devise pore models for which the range of validity 
of the linear transport equations of irreversible thermo- 
dynamics is almost vanishingly small. Attempts to ex- 
tend the range by means of arguments of a general ther- 
modynamic chvacter always seem to involve subtle 
assumptions that are fundamentally nonthermodynam- 
ic, such as the condition of & B Asr for eq. (9), or the 
use of the equation for ftite entropy production to 
define an average concentration by eq. (5). In other 
words, it is not possible to write an exact equation for 
finite 1, without more information on membrane struc- 
ture than is contained in the parameters Ps, a, and L, _ 
Thus the only way to be assured of the complete gen- 
erality that one expects from a thermodynamic discus- 
sion is to remain strictly within the range of local iinear 

transport equations, which may be a very limited range 
indeed. However, it should be remembered that the 
linear laws are not derived from irreversible thermo- 

dynamics, but are assumed by it. The oniy physical 
content of linear irreversible thermodynamics resides 
in the Onsager reciprocal reIations for the off-diagonal 
transport coefficients. In the present context of com- 
bined solute diffusion and convection this corresponds 
to substitution of (1 - o) for the sieving coefficient SF 
in the equation for solute flux. But as we have shown, 
by means of a specific model having a bimodal pore 
size distribution, this substitution cannot be made in 
the general case unless A.p > An. Even when this hid- 
den condition is satisfied, a further surprise awaits - 

the range of validity of the relation SF = 1 - u usually 
turns out experimentally to be much greater than the 
range of validity of the linear laws. This sugests that 
the relation may be based on some principle or some 
feature of real membranes other than the general prin- 
ciples of near equilibrium and microscopic reversibili- 
ty that underlie the Onsager reciprocal relations. It is 
in fact easy to conceive of a special model for which 
this is the &se, involving a kinetic picture of the dev- 
elopment of osmotic pressure by impacts of solute 
moIecuIes on the membrane surface aIong the lines sug- 
gested long ago by van ‘t Hoff [l I], but we shall not 
pursue this subject further here. 

To put matters in as stark a light as possible: al- 
though irreversible thermodynamics provides a useful 
context and notation for describing membrane trans- 
port, the range of applicability for its strict general 
tiidity is extremely small; further nonthermodynam- 
ic information on membrane structure is required. The 
primitive structural models discussed in the present 
paper may serve to indicate the directions a suitable de- 
tailed theory might take. In a following paper we dis- 
cuss the mathematical bounds that can be put on trans- 
port equations for membranes of arbitrary structure, 

and the relation of these bounds to the probtem of in- 
ferring structural information on membranes from ma- 
croscopic transport measurements. 
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Apper.dix: Numerical estimate of nonlinear region of 

Js versus Jv 

Here we present a rough numerical estimate to de- 
termine whether or not the nonlinear portion of aJ, 
versus Jv curve lies in an experimentally interesting 
region. We use eq. (I 5) for a Ferry-type sieving mem- 
brane, and take the group J,(l - @l/D as the figure 
of merit. It is only far values of this group greater than 
about unity that deviations from linearity become ap- 
preciable. To estimate J, we use Poiseuille’s law, 

where r is the pore radius and p the soiution viscosity. 
We estimate D from the Stokes---Einstein formula, 

kT 
D = 63-r~o’ 

where a is the solute radius. We express r in terms of a 
through an approximate stericeffect expression, 

1 -u= [l -(Q/#_ (A31 

Combining these expressions, we obtain 

JvO - a)! ~ 3n(l - a).?& 

D 4kT[l - (1 - CJ)“‘]~- (A4) 

As an example, for a = 5 A and Ap = 1 atm, we find 
the result at 300 K to be 0.042 for (J = 0.5, and 2.5 for 
u = 0.1. The first is in the linear region, but the second 

is in the nonlinear. Note that this analysis assumes ho- 
moporosity; heteroporosity causes nonlinearity to set 
in even sooner. 
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112 ] Although this is a focal and internal equation, cs is de- 
fined as an external concentration throughout this paper. 
A similar local equation not incorporating 1 - D expIicit.ly 
and written in terms of the internal concentration, gs. 
within the membrane could be readil_y converted to eq. 
(8) by assuming f = (1 - a) cs and D (internal diffusion 
coefficient) = D/(1 - a). The former assumption implies 
1 - 0 is idectical with the solute partition coefficient be- 
tween the external solution phase and the membrane 
phase. Rather than enter into the controversy about the 

validity of this assumption we simply accept eq_ (8) as a 
useful working equation for the diagnostic purposes of 
this paper_ 


